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Abstract:

In this research we introduce at the first time (as we know), the concept of I-ring family.
Also we introduce the concept of each of ( sub family of I-ring family, , principall-ring family
and quotient family of I-ring family),H-connected,H-Hausdorffas well as a homomorphism ,
open and continuous morphism of I-ring families with some properties and examples about these
concepts.
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Introduction:

Our aim in this research is to give a comprehensive study of I-ring family. On the other hand,
we investigate about sufficient or necessary conditions for family to be I-ring family. The research
consists of two sections.

In section one we reviewed some basic definitions and properties about ring, sub ring, ideals,
principal and quotient ring, the definitions and properties about homomorphism of rings as well as
some basic definitions and properties about topological concepts which we needed later in our
work.

In section two we introduced the concept of a group family, where (A group family (IR —F)
of aring(R, +,")is the collection (IR — F) = {(I;, +,"): (I;, +,-) ideals of(R, +,") }satisfying that;

1) (R, +,) and ({0},+,) € (IR—F).
2) NL,((0,+,)) € (IR—F)where (I;,+,7) € IR—F).
(UL (;,+,)) € IR —F) where (I;,+,) € (IR—F).

Also we introduce the definition of each of (sub family of group family, principal ring family,
quotient family of ring family, as well as continuous , open and homomorphism of group family
with some properties and examples about these concepts.

Section One: Prilimaries

This section contains some well-known definitions and remarks which are needed in our study.
We don't remark the number of references with each definition in this section because these
definitions in each reference remark in this research.
Definition (1.1) :[3 ], [4 ]JA ring is a triple(R,+,7) of a non empty set R and two binary
operation+ and - satisfing that
1) (R, +)is a commutative group,
2) (R,")is a semi group
3)(- ) distributive on (+) .
Definition (1.2): [3], [4 ].[7]A sub ring(S, +,-)of a ring(R, +,7) is a subset ofR which is itself ring .
Definition(1.3): [3 ], [4 1.[ 5] A ring(R,+,7) is said to be commutative if, x 'y = y -
x V x,y eR.
Definition (1.4): [3], [4 ] A center of a ring(R, +,) is a subset Z(R) = {xeR:x-y=y-x Vy€
R} which isideal of a ring(R, +,") .
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Definition (1.5): [3], [4 ].[5]An ideal(I, +,) is called principal if 3 xeR suchthat I = (x).
Definition (1.6): [3 ], [4 ] Let(R,+,)and (R',+',") be two rings. A mapping f: (R, +,)) -
(R’,+',-")is called ahomomorphism if f(x +y) = f(x ) + f(y) and f(x-y) = f(x) - f(y)V x,y €R.
Proposition (1.7): [3 ], [4 ]If f(R,+,7) - (R",+',-")is a homomorphism then (Ker(f), +,")and
(Image(f), +,) are ideals of (R,+,") and (R',+',-") respectively.

Definition (1.8): [3],[4] A sub ring(I,+,-) of aring(R,+,") is said to be ideal of (R,+,)
if x-rand x—y el V x,y el,reR.

Definition (1.9): [3 ], [4 1.[5 JLet (I,+,) be an ideal of a ring(R, +,) then the pair (R/1),®)
form a ring called a quotient ring.

Definition (1.10): [1] , [2 ],[6]A topological space (X,t) is connected if X and & are the only
sets in t that are both open and closed.

Definition (1.11): [1 ], [2 ],[6]A topological space (X, 1) is said to be Hausdorff space if any two
points in X have nonintersecting neighborhoods.

Section Two: On Group Family

The main concern of this section is to give a definition with some properties of ring families.
We start with the following definition.
Definition (2.1):

An I-ring family(IR — F) of a ring(R, +,7) is the collection (IR —F) = {(I;, +,-): (I;, +,-) ideals
of (R, +,-)}satisfying that;
1) (R, +,) and ({0}, +,) € (IR—-F).
2) NiL,(1;,+,) € (IR—F)where (I;,+,) € IR—-F).
3)(Uj=,(1;, +,)) € (IR —F) where (I;,+,) € (IR—F).

Examples and Remarks (2. 2):

1)The members of (IR — F)are called(IR — F)-open ideal and(R, +,-)a mother of ideals in (IR — F).

2) The pair ((R, +,")), (IR — F)) is called I-ring family space.

3) For every ring (R,+,) then In(IR—F) = {(R, +,), ({0}, +,)} is I-ring family known as
indiscrete I-ring family. Each of (R, +,") and({0}, +,") open ideal in In(IR — F) .

4) For every ring (R, +,) withall ideals of (R, +,")area ring family known as a discrete I-ring
familyDi(IR — F),all ideals of (R, +,") open in Di(IR — F) .

5) For aring (Z,, +5,5) then (IR — F) = {(Z,, +,,5) , ({0}, +,,-5)} is a I-ring family

6) A family(IR — F) = {(Z, +,), (Zo, +,-), ({0}, +,)}is I-ring family on (Z, +,°).

7) Foraring (Z,, +p.p) then (IR — F) = {(Z,, +p,p) » ({03, +,,p)} is a I-ring family.p is prime .

Definition (2.3):
An ideal(1, +,") of a ring(R, +,”) called (IR — F)closed ideal if there is (I', +,-)open in (IR —
F)suchthatIuIl' = GandIn I’ = {0}.

Examples and Remarks (2.4):

1) In a discrete I-ring familyDi(IR — F)of a ring(R, +,)every ideal is closed.

2)In indiscrete I-ring family In(IR — F) of a ring (R, +,") there are two closed ideals (R, +,
) and({0}, +,").

3) In I-ring family(IR — F) = {(Z, +,), (Z¢, +,-), ({0}, +,)} the ring(Z,, +,-)is not closed.

Proposition (2.5):

The intersection of finite members of ring families ((IR - F))i of a ring(R, +,")is I-ring familyof a
ring(R, +,)

Proof: Let(IR —F) = NiL,((IR — F));where((IR — F));1-ring familyes of a ring (R, +,), then we
must show that (IR — F) is I-ring family of a ring(R,+,"). Now let (I;,+,) be open ideals in
((IR = F)); by definition of I-ring family((IR — F)); then (R, +,-) and {0},+,7)) € ((IR—F));
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Therefore (R, +,7) and {0},+,) € IR—F) = N{L;(IR—-F);also (I;,+,7) € ((IR — F)); where
(I, +,) € (IR=F)); ,and (UiL,(;, +,)) € (IR—F) where (I;,+,) € (IR—F). also each of
N, +) €(R—F)=NL(IR-F); and (UL,(,+7)) € (IR—F) =N, ((R - )
then (IR — F) = NjL,((IR — F)); isaring

Remarks (2.6):
The union of finite members of I-ring families ((IR — F)); of a ring(R, +,7) is not I-ring family
of aring(R, +,) in general.

Example (2. 7):

Let(IR— F) = {(Z,, +3,2), ({0}, +,,2)}. And let (IR'—F")y ={(Z +,-),({0},+,)} a ring Sub
family of (IR" — F")

(IR — F) U (IR" — F")is not I-ring family

Definition (2.8):
A ring sub family ((ISR — F)) of a ring family ((IR — F)) of a ring(R, +,-) is a sub family of
((IR = F)) which is an I-ring family itself.

Examples (2. 9):

1) Each I-ring family is a ring Sub family of itself.

2) Let (IR=F)) ={(Z,+,), (Ze, +,-), ({0}, +,)} be a ring family on (Z, +,-),then (ISR - F); =
{(Ze, +,"), ({0}, +,)}aring Sub family of (ISR — F)

Proposition (2.10):

Let ((IR — F)) be I-ring family of a ring(R, +,") , the triple ((IR — F),n, (U)) is aringon((IR — F))

1) N is binary operation satisfy that (I, +,-),n (I, +,) € (IR=F))V (I, +,),(I,,+,) € ((AIR —
F)),

2) (Associative law on n) VvV (I, +,),(I5, +,-), (I3, +,) € ((IR—F)), then (I, +,) n ((I,, +,) N
(13, +,)) = ( (Ilf +') N (121 +')) N (13' +')

3) There is an element (R, +,) € ((IR — F)) such that(I;, +,) N (R, +,)) =R, +,) N, +,) =
(11, +,') v (Ilr +r') € ((IR - F))!

4) For each element (I, +,") € ((IR — F)) there is an element (UL, (I;, +,-)) € ((IR — F)) such that
((11, +') N U?:l(li' +;)) = (11' +;) N (U?:l((liﬂ +'))) = (R, +;) € ((IR - F))

5) (I, +,) N (I, +,) = (I, +,) N (I3, +,7) (Commutative law on N)

6) (U) is binary operation satisfy that (I, +,)(U)(I,,+,) = (I, +) Uy +,)) € (IR —
)V (4, +,), (3, +,) € IR-F)

7) (11’ +")<U)((IZ' +,')(U)(I3, +’)) =

( Iy, )Y, 45, +)V (I3, +,), (I, +,), (I3, +,) € (IR — F),(Associative law on (U) )

8)(11' +")(U>((IZ' +,) n (13' +')) = ((11, +,')(U>(IZ, +')) n ((11, +,')(U>(I3, +'))

Definition (2.11):

A commutative ring family (Com(IR —F)) is I-ring family ((IR — F))it is mother (R, +,) is
commutative.

Examples (2.12):
1) A family(IR — F) = {(Z,+,"), (Z¢, +,7), ({0}, +,)}is a (Com(IR — F)) on(Z, +,7).
2) For aring(Z,, +p.p) then (IR —F) = {(Z,, +p,p) » ({03, +p,p)} is a(Com(IR — F)).p is prime .

Definition (2.13):
A principal I-ring family (Pr(IR — F)) is I-ring family of a ring(R, +,") in which each idealis
principal.
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Examples (2.14):
1) A family(IR — F)z = {(Z,+,"), ({0}, +,-) }is a principal I-ring family on(Z, +,-).
2) Afamily(IR = F) = {(Z, +,), (Ze, +,7), ({0}, +,)} is aprincipal 1-ring family on(Z, +,-).

Remarks (2.15):
1) Every principal ideal I-ring family is commutative.
2) Every principal ring Sub family of a principal I-ring family is principal.

Definition (2.16):
An I-ring family((IR — F))of a ring (R, +,") is called simple if ((IR — F)) has no non-trivial
ideal sub family.

Examples (2.17):
1) Each indiscrete I-ring family is a simple I-ring family.
2) Foraring (Z,, +,p) then (IR = F) = {(Z,, +p,p) , ({03, +p,p)} is is a simplel-ring family.

Definition (2.18):

An I-ring family ((IR — F)) is called H-Hausdorff if for each pair of distinct points a,b #
0 in(R, +,) there is ((IR — F))- open ideals (I', +,-)and(l, +,-) such that (I,+,) n (I, +,) = {0}
andae (I,+,),b € (I',+,)

Remark(2.19):
1) Each indiscrete I-ring familyIn((IR — F)) is not H-Hausdorff I-ring family.since for each pair of

distinct points a,b € (R, +,") there is no open ideal contain a and b either than (R,+,") in
In((IR = F))

2) Each discrete I-ring family is H-Hausdorff ,since for each pair of distinct pointsa,b € (R, +,
) there is (Di(IR —F)) - open ideals (I',+,) and (I, +,) such that (I,+)n (I ,+)=
{0}thena € (I,+,)andb € (I',+,)

Definition (2.20):
A quotient I-ring family Q(IR—-F) of a ring (R +,7) is thecollection (Q(IR —F)) =
{(((R+,)/@,+,)),®): (1, +,)ideal of(R, +,-)}

Examples (2.21):

A quotient I-ring familyQ(IR — F) of a ring a family (IR — F) = {(Z, +,), (Z., +,-), ({0}, +,-) }is
QUR—-F) ={Z,+,)/Ze,+,),Z,+,)/Ze, +,),((Z,+,)/(Ze, +,))} l-ring familyon. (IR —
Falso

QIR -F) ={(Z +)/({0},+,),(Z +,)/{0}, +,), ((Z +,)/({0}, +,)} I-ring familyon(IR — F).

Definition (2.22):
A mapping f: (IR —F) » (IR"—F") is continuous if for all (I;,+,-) open in (IR"—F")
then(f~1(I;, +,")) openin ((IR — F)).
1)There is a continuous mapping from each I-ring family into itself.
2) A natural morphism is a continuous mapping from I-ring family((IR — F))intoA quotient I-ring
familyQ(IR — F)
3) A mappingf: Di(IR — F) - In (IR" — F')is an open mapping.

Definition (2.23):
A mappingf: (IR — F) - (IR" — F")is open if for all(l;, +,-)open in (IR — F) thenf((I;, +,-) open
in (IR —F)".
1)There is an open mapping from each I-ring family into itself.
2) A natural morphism is an open mapping from I-ring family ((IR — F))intoA quotient I-ring
familyQ(IR — F)
3) A mapping f: In(IR — F) - Di (IR" — F")is an open mapping
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Definition (2.24):

Let IR—F)and (I'R"—F') be anl-rings of a ring (R,+,7) and (R’,+',-") .respectivly
amorphismf: (IR — F) - (I'R" — F")is a homomorphism of a ring(R, +,")in to the ring (R’, +',- ).
1)There is amorphism from each I-ring family into itself.

2) A natural morphism is a morphism from I-ring family ((IR — F)) intoA quotient I-ring

familyQ(IR — F)

Remark(2.25):
For each mapping of I-ring families the image and the converse image of identity and mother is
identity and mother respectively.

Definition(2.26) :
An I-ring family ((IR — F)) is H-connected if (R,+,") and ({0},+,) are the only open and
closed ideals in ((IR — F)) .

Examples and Remarks (2. 27):

1) In a discrete I-ring familyDi(IR — F)of a group (R, +,-) every ideal is closed then Di(IR — F) is
disconnected.

2) In indiscrete I-ring familyI(IR — F)of a ring(R, +,") there are two closed ideals (R, +,")and
({03, +,)then In(IR — F) is connected.

References:

[1]Buskes G., Topological Space, (1997) Springer Verlag new York, Inc. (1997).

[2]Cain G.L., Introduction to General Topology, Addison-Wesley Publishing Company (1994).
[3]Durbin; John, R, Modern Algebra an Introduction, Replica Press, Pvt. Ltd, India, (2005).
[4]Hungerford, T, W, Algebra, Springer overlarge, New York, Heidelberg, (1974).

[5]Jacobson, Nathan, Basic Algebra, 1 (2nd ed.), Dover, (2009).

[6]Long; P, E., An introduction to general topology, Charles E Merrill publishing company,(1986).
[7]Scott, W.R., Group Theory, New York: Dover Publications, (1987).

71



	3),,i=1-n-,,I-i.,+,∙... ∈(IR−F) where   ,,I-i.,+,∙.∈(IR−F) .
	3),,i=1-n-,,I-i.,+,∙... ∈(IR−F) where   ,,I-i.,+,∙.∈(IR−F) .
	UExamples and Remarks (2. 2)U:
	UExamples and Remarks (2.4)U:
	1) In a discrete I-ring familyDi(IR−F)of a ring(R,+,∙)every ideal is closed.
	2)In indiscrete I-ring familyIn(IR−F)of a ring(R,+,∙)there are two closed ideals(R,+,∙) and({0},+,∙).
	3) In I-ring family(IR−F)= ,,Ζ, +, ∙., ,,Z-e.,+,∙., ({0},+,∙). the ring,,Z-e.,+,∙.is not closed.
	UProposition (2.5)U:
	The intersection of finite members of ring families ,,,IR−F..-i.  of a ring,R,+,∙.is I-ring familyof a ring,R,+,∙.
	UProof:U  Let(IR−F)=,i=1-n-,((IR−F))-i..where,((IR−F))-i.I-ring familyes of a ring (R,+,∙), then we must show that  (IR−F) is I-ring family of a ring(R,+,∙). Now let  ,,I-i.,+,∙. be open ideals in ,((IR−F))-i. by definition of I-ring family,((IR−F))-i...
	Therefore   (R,+,∙)  and {0},+,∙) ∈(IR−F)=,i=1-n-,(IR−F)-i..also,,I-i.,+,∙.  ∈,((IR−F))-i.where ,,I-i.,+,∙. ∈,((IR−F))-i.,and ,,i=1-n-,,I-i.,+,∙... ∈(IR−F)where,,I-i.,+,∙.∈(IR−F).also each of ,i=1-n-,,I-i.,+,∙..  ∈(IR−F)=,i=1-n-,((IR−F))-i.. and ,,i=1...
	URemarks (2.6)U:
	The union of finite members of I-ring families ,((IR−F))-i.  of a ring(R,+,∙) is not I-ring family of a ring(R,+,∙) in general.
	UExample (2. 7)U:
	UExamples (2. 9)U:
	1) A family,(IR−F)-Z.= {,Ζ, +, ∙., ({0},+,∙)}is a principal I-ring family on,Ζ, +, ∙..
	2) A family(IR−F)= {,Ζ, +, ∙., ,,Z-e.,+,∙., ({0},+,∙)} is aprincipal I-ring family on,Ζ, +, ∙..
	Remarks (2.15):
	1) Every principal ideal I-ring family is commutative.
	2) Every principal ring Sub family of a principal I-ring family is principal.
	Definition (2.16):
	An I-ring family((IR−F))of a ring (R,+,∙) is called simple if ((IR−F)) has no non-trivial ideal sub family.
	Examples (2.17):
	1) Each indiscrete I-ring family is a simple I-ring family.
	2) For a ring ,,Z-p.,,+-p.,,∙-p.. then ,IR−F.= {,,Z-p.,,+-p.,,∙-p.. ,,,0.,,+-p.,,∙-p..} is is a simpleI-ring family.
	Examples (2.21):
	Examples and Remarks (2. 27):
	1) In a discrete I-ring familyDi(IR−F)of a group (R,+,∙) every ideal is closed then Di(IR−F) is disconnected.
	2) In indiscrete I-ring familyI(IR−F)of a ring(R,+,∙) there are two closed ideals (R,+,∙)and ({0},+,∙)then In(IR−F) is connected.

